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Abstract: It is known from the classical theory of Lie algebras that any finite-
dimensional Lie algebra over a field of characteristic zero can be decomposed into a
semidirect sum of its maximal solvable ideal and its semisimple subalgebra. Similarly,
finite-dimensional Leibniz algebras also decompose into a semidirect sum of their maximal
solvable ideal and a semisimple Lie algebra. The study of solvable algebras with nilradicals
of special types is related to various models in physics. Thus, similar to the case of Lie
algebras, studying Leibniz algebras with given nilradicals is an important problem.

It should be noted that nilpotent Lie algebras are a special type of solvable algebras.
Since describing nilpotent Lie algebras is an enormous task, their study must be conducted
with additional constraints. In particular, one of the main constraints when studying
nilpotent algebras is the limitation on the nilpotency index. It is important to emphasize that
the maximum nil-index for a Lie algebra coincides with the dimension of the algebra itself,
and such algebras are called filiform algebras.

Although Leibniz filiform algebras in the class of nilpotent algebras have relatively
simple restrictions, they possess a complex structure, which is conveniently studied by
imposing a gradation condition. The effectiveness of the maximal grading lies in the fact
that it provides the most precise information about the structural constants in the
multiplication table of the algebra.

"Currently, the structural theory of Lie algebras holds an important place in the study
of other branches of group theory. Numerous articles have been published on these
algebras, and their structural theory has been studied.

As is known from the classical theory of finite-dimensional Lie algebras, the study of
finite-dimensional Lie algebras is reduced to the study of nilpotent Lie algebras. The class
of Lie algebras with maximal nilindex is an important part of the class of nilpotent Lie
algebras.

Keywords: Lie algebras, n-dimensional, 2-filiform, natural graduaded, maximal
length.

INTRODUCTION

It is known that for Lie algebras, the maximal nilindex coincides with the algebra
dimension, and such algebras are called filiform algebras. Although filiform Lie algebras
are a relatively simple part of nilpotent algebras, they have sufficiently complex properties.
Therefore, it is more convenient to study them using graduation conditions, and various
types of gradings are used in this regard, such as natural gradings, maximal length gradings,
and gradings corresponding to a given filtration.
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According to the Levi-Malcev theorem, any finite-dimensional Lie algebra can be
expressed as a direct sum of a semi-simple Lie algebra and the semi-direct sum of its
solvable radical. This result implies that the study of solvable algebras is of significant
importance in the structural theory of finite-dimensional Lie algebras.

In the classification of finite-dimensional Lie algebras and the study of their structural
theory, naturally graded nilpotent Lie algebras have special importance. The concept of
maximal length grading was introduced by Yu. Hakimjanov, and it provides complete
information about the subspaces of the algebra and the products between them.

Natural gradings and maximal length gradings are closely related to each other. The
study of finite-dimensional Lie algebras is reduced to the study of nilpotent Lie algebras.

Filiform Lie algebras are considered to have the highest nilindex, and all n-
dimensional filiform Lie algebras of lengths n and n-1 have been fully classified in the
works of X.R. Gomes and other scholars. 2-filiform Lie algebras with nilindex n-2 are
considered to be n-dimensional nilpotent Lie algebras, and the maximal length n-
dimensional Lie algebras have also been fully classified in the works of X.R. Gomes. This
master's thesis focuses on the classification of 2-filiform Lie algebras with length n-1."Let
me know if you need further adjustments or clarifications!

The gradations of algebras are very important to investigation of the structural theory
and properties of those algebras. The graduation which length is equal to the dimensional of
the algebra, is called the maximum graduation. Such gradations are useful for the
investigation of cohomologies for the considered algebras because they induce a
corresponding gradation of the group of cohomologies. The various papers are devoted to
investigation of Leibniz algebras of maximum length or length an algebras is less than the
one from maximum.

In this work, we consider some class of naturally graded quasi-filiform Leibniz
algebras of length n — 1.

To determine the length of the algebras, first, they were divided into naturally graded
spaces, and their lengths were determined. If the grading length was not maximal, an
attempt was made to bring it to the maximal length by changing the basis, and the desired
result was achieved.

Definition 1. An algebra (L,[-,-]) over a field F is called Lie algebra if for any
X,y,z € Lthe so-called Leibniz identity:

[, [y, 21] = [[x,¥]. 2] + [[y, 2], x] + [[x, 2], y] = O
holds.
For an arbitrary Lie algebra L we define the lower central series:
L' =1L, ¥t =[Ik L], k > 1.
Definition 2. An n-dimensional Lie algebra L is called quasi-filiform if L"2 #
0,L"1 =0.
Let L be a Z-graded Leibniz algebra with a finite number of non zero subspaces, i.e.

L =& V;, where [V;,V;] €V, for any i,j € Z. We say that a Leibniz algebra L admits a
i€Z

connected gradation if L =V, @ V;, ©...60 Vi, where each V; is non-zero for k; < i < k,.
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The number of subspaces [(@ L) = k; — k, + 1is called the length of the gradation.
The length I(L) of a Leibniz algebra L is defined as

I(L)y={max(DL)=k;—k;+1L=V,, DV, D...D
Vi,is a connected gradation}.

An algebra L is called maximum length, if I(L)=dim(L).

Definition 3. For a given nilpotent Lie algebra L, put L; = L'/L***, 1 <i < n — 1and
gr(L)y=L; ® L, ®...0 L,_,.Then [L;, L;] < L;, jand we obtain the graded algebra gr(L).
If gr(L) and L are isomorphic, then we say that an algebra L is naturally graded.

The filiform algebras characterized by the maximal n - 1 nilindex were studied by
Vern. When the dimension of the algebra is even, algebras of type L,, and O,,are considered,
while for odd dimensions, only algebras of type Ln are presented. The L, and O,, algebras
(Xo, X1, ..., Xp-1) are determined by the following multiplication in the changed basis.

Ly (%0, %] = %41, 1<i<n-—-2
. X0, x;] = %41, 1<i<n-2
O {[xi»xn—l—i] = (_1)i_1xn—1r l<si=q-1n=2q

The Qn filiform algebra does not form a grading with n part spaces. Furthermore, there
are other n-dimensional filiform Lie algebras that differ from Ln. Algebras like Ln and Qn
provide essential information about the structure of the family of filiform algebras when
studying the multiplicity of nilpotent algebras.

In addition to Ln, there are other filiform Lie algebras that include maximal-length
gradings. Let us denote a by the whole part . The algebras given through Rn and Wn in , and
through Kn and Q'n in, are defined by the following multiplication in a homogeneous basis:

[x0, X1] = X471, 1<i<n-—2
":{[xl-,xj] =Xz4j, 25j<j<n-3
[x0, %] = X471, 1<i<n-—2

6(i—D!I(G-1D!(G—1)

W,: [ %] = (i +))! Xitj+v
. _[n—371 . .
1SLS]S[ > ],an—Z—l
( [x0, %] = X471, 1<i<n-—2

o = 0y

1<,<[n—4]
i < > |

. m—=271 .
Ky [xi'xz[nT_z]—i] = 2[5 - o, n2),p
l<i< n—4
== T]
b Fncamdl = 5 (<G = Dn =3 = Daxycy

{<i< n—3]
<i< 7|
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If nis even, then p# =0, and if n is odd, then g = 1. I(Rn) = n; I(Wn) = n; I(Kn) and It is

easy to verify that
Q@n)=0

Furthermore, these algebras are the only Lie algebras with maximal length equal to
their dimensions.

First, we need to determine the structure of the maximal-length quasi-filiform
algebras. In Vern's work, to obtain naturally graded Lie algebras, there exists a basis of the
n-dimensional g filiform Lie algebra of the form (x,, x4, x5, ..., Xp—1).

If we consider the family of nilpotent Lie algebras and search for a graded algebra of a
certain length, we cannot assume that a basis expressing the algebras will always exist. This
will be the first problem in classifying such Lie algebras.

Thus, we will first obtain a homogeneous basis that allows us to determine the
structure of the family of Lie algebras. Therefore, in the quasi-filiform case, the number of
part spaces is n - 1, and the case where the number of part spaces is n (i.e., the maximal-
length grading) is of interest to us.

In this section, it is established that the lengths of the naturally graded odd and even-
dimensional quasi-filiform Lie algebras are equal ton - 1.

Proposition 1.The length of the following odd-dimensional quasi-filiform Lie algebra
isequal ton—1.

leg, e1] = €jtq, 1<i<n-3
Qn—l ¥ C, (n =7 Odd): [ei:en—z—i] = (_1)i_1en—2' 1<is< nT_3

This algebra has two generating elements, which we denote as xs and xt for some
values of s and t. These elements are linear combinations of the basis elements of the Q
algebra.

X, = Y a;e;, X = ae;,
a1bp_q1 —ap_1by #0
by, =1
We take the following multiplications.
[xs, x:] = e, + bye5 + bse, + baes + -+ by_ze,_, — aybge, + a;bp_se,_,;
— ayby_ysen_y + azboe, + azb,_sen_; — asboes — asby_gen o + asboes
+ asb,_sen_p = — ay_3bpen_,
= (1—ay)e; + (b, — azbg)es + (b3 — azbg)e, + -+ + (by_3 — Ay_3bo)en_;
+ (albn—3 - azbn—4)en—2
[[xsrxt]xt] = —(1 = aybg)bges + (1 — a;by)by,_sen_, + (by — ayby) by, _se,

— (b3 — a3b0)bn—6en—2 + et (bn—4 - an—4bo)bn_—39n—2 -(1- a1bo)b093
2

+ (by — azbgey + -+ (1 — aybg) by + (b3 — azby) by,
+ (bn—4 - an—4b0)b0 + o+ (bn—4 - an—4b0)bn7—3)en—2

In general, the multiplication takes the following form
[ [x5, %] o] = (1 = aybo) by e; + (Repyq + ($)ep + -+ (F)en_y
3<isn-—2
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Case 1. Let be
bya; —1+0

Vi € ks, 1 Sisn—1
And from the dependence of the grading, we obtain the equality kt = 1.
Let's say

V1€ Vi, Y2 €V, Y3 € Vi, vy € Vigan—s

In case k, = 2, it would be appropriate

L=V, +V,+Vs+--+V,_,
We will consider the following products:

[xs, x:] = —(e, + byes + bse, + byes + -+ by_ze,_, —a;bge, + ayb,_ze,_,

— ayby,_4e,_; + azbpe, + azb,_se,_, — asboes — asb,_ge,_, + asbyeq

+ asbn—7en—2 -t an—Sboen—Z

= (1 —aye, + (b, — azbgles + (b3 — azbg)ey + -+ + (by_3 — an_3ho)en_;

+ (a1bn—3 - azbn—4)en—2

[[xs:xt]:xt] = —(1 —aybg)boes + (1 — ayby)by,_sen_, + (by — azby)by,_sey

— (bs — azbg)b,_gen_p + -+ (bp_y — ay_4bo)boe,_

+ (bn—4— - azbn—4)boen—2 + (bn—4 - an—4b0)bnT—3€n—2 -(1- albO)bOe3

+ (b, — azbge, + -+ (((1 — aybg) by
+ (b3 — azbg)by_g + (by_g — An_sbg)bg + -
+ (bp-a — an_4bo)b(n_3)/2)en—2
Our grading will take the following form:
V1 €V, Y, €Vy Y3 € Vs, Ynq € Vg
We will check the conditions of the grading:

Y1 =€

Y, =¢€yt+ta +e
V3 = —6€;
Yy = €3

y; =(-1)le;_,, 3<i<n-—-1

[y1y1] =0, VoV, [y2y3] = ya4, ViVacl,
[y1y2] = y5, VoVicls [ysy1] =0, V3V,cVs
[y1y3] =0, VoV3cVs [y3y2] = =a, VsVl
31l = =3, ViVocls [ysys]l =0, V33V
[y2y.]1 =0, ViVl

That is, the following is appropriate:

ViVacVise Vs={ys) ... Vi = () 3<isn-1

So, the length of the maximal grading is n—1.

Proposition 2. The length of the following L algebra is equal to n — 1.
5,r—o0dd,3<x<2]

(n-1)

2 ]-1
{ [eg,e1] = epp, 1 <i<n-—3
[ei,er_i] = (_1)i_1en+1, 1<i< (T — 1)/2
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Proof. This algebra has two generators, which we denote as x; and x, for some s and
t. We will introduce the following commutation relations and determine the products.
Xs = ey + ae, +aze, +azes + -+ a,_ze,_3
X; = ey + byey + bye, + bzes + -+ b,_se,_5
Without loss of generality, we take a; = by =1
Vi=XsY2 = Xt
[xs, x.] = e, + byes + bze, + byes + -+ b,_se,_, — a;bge, + a;bges — a,bse,_4
+ azbye, + asbe,_1 — azbpes — aybse,_1 + asbyeg + asbye,_q — -+
— ay_3boen
= (1—ay)e; + (b, — azbg)es + (b; — agbg)e, + -+ + (by_3 — ay_3bo)en_;
+ (a,bg — aybs + azby + a,b; —ash, — ag ... )e,_,
Va = [[xs'xt]:xt] =
= —(1 —aybp)boe; + (1 — aybg)bse,_1 + (b, — azby)bge,
— (by — azbg)bsen_y — (b3 — azbg)boes — (bs — azbg)boen_1 + -
+ (bn—4 - an—4b0)boen—2
= —(1 — aybg)boe; — (b, — azbp)e, — (b3 — azby)boes — (by — azby)boeg
— o= (bp_g — @n_sbo)boen_p + -+ (by — azbg)by — (b3 — azby)bs
+ .. )en—l
ys = [lxs x¢ ], x]xe] =
= —(1 - a;bg)bge, + (1 — arbg)bobse,_1 + (b, — azby)bges
— (b, — ayby)bobze,_q + (by — azbo)bge, — (bs — asbg)bobyen_q + -
+ (bn—s - an—SbO)bgen—Z
= (1 —aybg)bie, + (b, — aby)bges — (b3 — azby)bies
+ (by — asbg)bge; — = (bp_s — an_sbo)bgen_, + -+ ((1 — a;by)bob
+ (by — azbg)bobs — (b3 — azb ¢)byb, + - )boe,_4
Ve = [[[xs, xe], xc]xe]]x] =
= —(1—aybg)bies + (b, — azby)bse, — -+ — (by_g — an_sbo)bse,_,
+ (b, — azbg)bsbren_q + (1 — arby)bibye,_4
y7 = [[lxs, xe ], xe I 1% ]xe] =
= —(1 — a,by)bges + (b, — azbg)bge; — -+ — (by_y — an_sbg)bge,_,
+ (b, — azbg)bsben_q + (1 — arby)bibze,_4
vs = [[[[[xs, xe], xeloce ]l ]xe ] xe ] =
= —(1 = a;by)bge; + (b, — azbg)bgeg — -+ — (byp_g — ay_gho)bse,_;
+ (1 = a;by)bgbse,_y
Case 1. In this case, let b, # 0. We introduce the following definition

V1= Xs Y2 =Xt Y3 = [xSth] Yn-1= [[xs:xt] e Xt
Let's assume the algebra has dimension n. In that case, the grading will look as
follows:
i€V Yy, €V, Y3 €Vig, Yn-1 € Vigsn-k, Yn €W

Then, according to the property of the grading's compatibility, k, = 1
Let us assume:
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k=2, a=0,n
We can write our grading in the following form:
Vi€V Yy €V, y3€V; Yn-1€Vhor W EW
Vi+Vo,+Vs+-+V, 4
And check the conditions of the grading:
V1Y. = ViV, € V3, V3 € V3
It satisfies the grading condition.
ViY3 = [xs[xsxt]]
= (1 —aybg)es + (b, — azbg)e, — (b3 — azbyes + -
+ (bn—y — an_sbg)en_, + (bs — asbg)a,en_y — (by — asbg)aze,_y
+ (b; — azbg)aze,_1 — (b, — azbp)ase,_; — (1 — arbg)ase,_q
This product does not satisfy the grading condition.
Case 2.
Let us assume the grading has dimension n—1.
21 .k, =2, a=0,n—1.Inthis case, we obtain the following results:
V1€V, Y€V, y3€V;, Yn-1 €V, W EW
Y1i¥3 = [xs[xsxt]]
= (1 —ayby)es + (b, — azbp)e, — (b3 — azbg)es + -
+ (bp_s — @n_sbo)en_z + (bs — asbo)asen 1 — (by — asbg)azen 4
+ (b3 — azbp)ase,_1 — (b, — azbp)ase,_1 — (1 — arby)asen 4
y1y3 = VoV € Vs, Vi € Vs
Yn €Vs  Yn =cCre3+ Ceng
Y2Yn = (boeg + bie; + byey + -+ + byp_zen_3)(cre3 + c2en_1) = ¢1bges + bucien_y
Now, we will determine the unknown coefficient c;.
c; =1—a;b,
We encounter a contradiction:
Y2Yn = ViVs # Vg
Therefore, kg # 2
2.2. Letbe k, = 1. We will consider the following products:
Viy3 = [xs[xsxt]]
= (1 — ayby)es + (b, — azby)es — (b3 — azby)es + -
+ (bp—s — An_sbg)en_ + (bs — asby)a,e,_1 — (by — asby)aze, 4
+ (b3 — azbp)aze,_; — (b, — azbg)ase,_ — (1 — aybg)ase, 4
nys =VV3 €V,
ys = —(1 — a;bg)byes + (b, — a,by)bges, — (b — azby)byes + -
+ (bp—4 — ay_sbg)bgen_, + (b, — azbg)aze,_ — (1 — a;by)ase, 4
v, € V3, to satisfy the grading condition, we assume b, = 1
Y1Ya = [xs[xs[xsxt]]]
= (1 — aybg)es + (b, — azby)es — (b3 — azby)es + -
+ (by—s — an_sbo)en_, + (by — asby)ase,_y + -+ (1 — asbg)ase,,
ViYa=ViV3 €V, y5 €V,
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k. = 1satisfies the grading conditions.
V1= €y — 1€
y3 =1 —aye,
Va=—(1—ay)e;
ys = —(1—ape; + (1 —ay)e,q
y=0CDT"1-a)e,
Therefore, our grading has dimension »—1 and takes the following form:
Yo.Y1 €V, Y3 €V, Va €V, Yy €V g

CONCLUSION

In this paper, naturally graded n - 1 length 2-filiform Lie algebras are determined and
applied to determine the length of quasi-filiform Lie algebras. Using several references, the
maximal-length 2-filiform Lie algebras were studied.

At the same time, in this master's thesis, several theorems concerning the n - 1 length
2-filiform Lie algebras are presented. Additionally, the lengths of naturally graded 2-
filiform Lie algebras were calculated, and among them, those with length equal to n - 1 were
identified. The final chapter of this dissertation is dedicated to identifying the even and odd-
dimensional quasi-filiform Lie algebras with length n - 1.

First, the lengths of naturally graded odd-dimensional quasi-filiform Lie algebras were
calculated, and it was determined that they have length n - 1. For this purpose, their
decomposition into graded part spaces was used, and basis changes were applied to
maximize the length of the grading, yielding the necessary results. In the second paragraph
of the third chapter, the length of the naturally graded even-dimensional quasi-filiform Lie
algebras was also calculated, and it was determined that the length of the given algebra is n -
1.
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